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The correlations in energy and angle of alpha particles produced in the reaction 016(a,2a)C12
g.s. have been 

measured. Coincidence techniques were employed using semiconductor particle detectors and two-dimen
sional pulse-height analysis. The data show that a two-step reaction mechanism involving the formation 
and decay of excited states of O16 plays an important role. However, direct knock-out features of the reaction 
are also prominent and appear to be inextricably interwoven with its two-step aspects. 

I. INTRODUCTION 

IN an attempt to describe quantitatively a compli
cated nuclear reaction such as the one treated in this 

paper, drastic approximations are inevitable. The first 
and most natural of these is to consider the incident 
and outgoing particles as elementary. Even so, one is left 
with a three-body problem which has not yet been 
solved. 

There are two widely used approximations which re
duce the three-body problem to a manageable calcula
tion. One is the application of direct reaction theory in 
its various degrees of sophistication, which is expected 
to give reasonably correct results at high energies. On 
the other hand, at low energies the reaction may proceed 
in at least two independent steps (for instance, via 
excitation of the target nucleus and its subsequent 
decay), each of which is simpler and better understood 
than the general reaction mechanism. This description 
of the reaction process should be adequate in cases when 
the intermediate system exists in a well-defined station
ary state for a time interval which is long compared to 
characteristic nuclear traversal times. Even so, there 
remains the problem of understanding the ever present, 
and in general interfering, background of processes of a 
more general type. In the past, experimental results 
have been analyzed in many cases by assuming that the 
reaction proceeds partially via intermediate states (to 
the extent that resonance structure is present) and 
partially by some "direct" process. It is clear that an 
uncritical application of such subtraction procedures to 
experimental data, based on the assumption of no 
coherence between the two processes, could lead to 
erroneous conclusions. 

* Work performed in part under the auspices of the U. S. Atomic 
Energy Commission. 

f Part of the results of the work described in this paper have 
been previously reported in the Bull. Am. Phys. Soc. 7, 287 (1962) 
and the the Proceedings of the International Conference on Direct 
Interactions and Nuclear Reaction Mechanisms, Padua (Gordon and 
Breach, New York, 1963), p. 1050. 

J Presently at the University of Ljubljana and the Institute 
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Recent theoretical developments1 have yielded a 
unified theory of nuclear reactions which encompasses 
both extreme approximations mentioned above. This 
theory is in principle capable of treating the interesting 
intermediate situations which are most often en
countered in nature. However, for reactions producing 
three nuclei in the final state, the lack of understanding 
of the three-body problem is an especially serious 
obstacle to further progress. Detailed experimental 
studies of a number of such reactions may reveal 
empirical regularities which would constitute useful 
guides for the necessarily approximate theoretical 
treatment. 

One might expect the reaction 016(a,2o:)C12g.s. at 
40-MeV incident alpha-particle energy to proceed to a 
great extent via excited states of O16 above the 7.16-MeV 
threshold for decay into C12

g.s. and an alpha particle. 
Some of these states, especially those near the threshold, 
are known to be quite long lived2 and therefore a 
description in terms of a two-step process of the part of 
the reaction which proceeds via these sharp states 
should be reasonably accurate. 

A simple but sensitive criterion for the accuracy of the 
two-step description is provided by the angular correla
tion between the first (inelastically scattered) alpha 
particle, and the second alpha particle (emitted in the 
subsequent decay of the excited O16 state). If this state 
is sufficiently long-lived that the excitation process is, on 
the average, well-separated in time from the decay 
process, and if the state is isolated, i.e., possesses a well-
defined spin and parity, one can apply the selection rule 
of A. Bohr3 to derive the following statement about the 
angular correlation (see Appendix I for details): In the 
rest system of the excited O16 nucleus, the normal to the 

1 G. E. Brown, Rev. Mod. Phys. 31, 893 (1959); J. Humblet and 
L. Rosenfeld, Nucl. Phys. 26, 529 (1961); H. Feshbach, Ann. Phys. 
(N. Y.) 5, 357 (1958) and 19, 287 (1962); E. Vogt, Rev. Mod. 
Phys. 34, 723 (1962). (See these papers for other references.) 

2 T. Lauritsen and F. Ajzenberg-Selove, in Nuclear Data Sheets, 
compiled by K. Way et at. (Printing and Publishing Office, 
National Academy of Sciences, Washington, D. C , 1962). 
NRC 61-5, 6-3. 

3 A. Bohr, Nucl. Phys. 10, 486 (1959). 

B61 



B62 D O N O V A N , K A N E , Z U P A N C I C , B A K E R , A N D M O L L E N A U E R 

scattering plane (denned by the incident beam and the 
direction of the inelastically scattered alpha particle) is 
an axis of twofold symmetry of the angular pattern of 
the second alpha particle. This means that for any given 
direction of the first alpha particle, the correlation 
pattern starts repeating itself after the detector register
ing the second alpha particle has moved 180° (as seen 
from the recoiling O16 nucleus) around the normal to the 
scattering plane. This statement is true as long as the 
above assumptions are fulfilled, independent of the 
specific spin-parity value of the intermediate state and 
independent of mechanism of the formation of the state. 
I t should be made precise by defining a sufficiently long-
lived state. This would be possible in terms of the 
characteristic nuclear traversal time, which provides a 
time gauge, were it not for Coulomb forces. However, 
even in the presence of Coulomb forces, those states 
which live much longer than a nuclear traversal interval 
should be little perturbed and the above statement con
cerning the correlation pattern should be at least ap
proximately correct. 

In general, the normal to the scattering plane ceases 
to be an axis of twofold symmetry for the correlation if 
two or more intermediate states of opposite parity over
lap and interfere. The symmetry might be restored in 
cases where the contributions of many intermediate 
states have been added together, if their phases are 
randomly distributed. However, when the overlap of 
intermediate states becomes the rule rather than the 
exception, a completely random phase distribution can 
hardly be expected. The coupling between the different 
modes of internal nuclear motion necessitates a linkage 
of phases. I t is expected that direct reaction features 
should emerge from such phase correlations. Moreover, 
when intermediate states overlap as a rule, in many 
cases the whole reaction takes place within a nuclear 
traversal interval. This means that the distinction be
tween the first and second alpha particle becomes 
operationally meaningless and the whole concept of a 
two-step process breaks down. I t then becomes un
avoidable to consider the three-body nature of the re
action in its full complexity. 

In order to obtain the simple alpha angular-correla
tion pattern which would be predicted by a two-step 
reaction mechanism in the case of the reaction 
016(a:,2a)C12g.s., the overlapping of different inter
mediate states must not be too important. Although 
there are many narrow alpha-emitting states in the 
investigated energy region of O16, there are also known 
broad states, some of which are not far removed from 
the threshold for alpha emission. The overlap of such 
broad levels is expected to become even worse at higher 
excitation energies, and coherent contributions from the 
tails of high-lying broad states may be important even 
at low excitation energies. The angular-correlation 
pattern can therefore hardly be expected to possess the 
exact symmetry property discussed above. However, 
the interplay of intermediate states with nonrandom 

phases and specific three-body effects may lead to some 
simple regularities which could not easily be predicted 
but could perhaps be theoretically explained a posteriori. 
Such explanations could then lead to further progress in 
the three-body problem. Also, they might enable us to 
extract from experimental data two-body parameters, 
such as energies, spins, and parities of intermediate 
states, in spite of specific three-body aspects of the 
reaction. I t was for these reasons that this experiment 
was undertaken. 

The experimental method used in the present investi
gation had some novel features. The coincident angle 
and energy determination of both outgoing alpha 
particles with two solid-state detectors leaves no room 
for kinematic ambiguities: The final state is completely 
determined by the measurement. Further, the use of 
two-dimensional pulse-height analyzers permits a data 
taking speed and comparative ease of analysis which 
were previously impossible. 

II. KINEMATICS 

In the reaction 016(a,2a)C12
g.s. all ingoing and out

going particles have zero spin. Both the initial and final 
states of the reaction are therefore completely charac
terized by the ingoing and outgoing particle momenta, 
which are related by the conservation of momentum and 
energy. In the nonrelativistic approximation we have 

Pl+P2=p3+P4+P5, (1) 

ri+r,+Q=r8+r4+r5, (2) 
Ti=p%^/2mi, (3) 

Q— (mi+M2—M'i—mi—m$)c2, (4) 

tin being the mass of particle i, pi its momentum, and 2\-
its kinetic energy. We designate the incident particle by 
the index 1, the target nucleus by the index 2, while the 
indices 3, 4, and 5 label the outgoing particles. Q is the 
Q value of the reaction and c the velocity of light. 
Equations ( l )-(4) are valid in any inertial system. In 
the laboratory system we have p2= 0. Equations ( l)-(4) 
considerably reduce the number of independent vari
ables needed to specify the final state. Conservation of 
momentum (1) enables us to express the momentum of 
one outgoing particle, for example ps, by the momenta 
of the ingoing particles pi and p2 and the momenta of the 
other two outgoing particles p3 and p4. From (2) and (3) 
one then obtains 

(P1+P2-P3-P4)2 

T1+T2+Q=T*+Ti+ 
2m5 

2(mi+m2—mz—w4) 

The substitution ^ 5 = ^ 1 + ^ 2 - ^ 3 - ^ 4 in the denomi
nator of the last term is entirely in the spirit of the non
relativistic approximation since the Q value is much 
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smaller than any fitiC2. Equation (5) determines the 
Q value if all momenta are known. Conversely, for a 
definite Q value and a definite initial state, it establishes 
a relation among the six variables needed to specify the 
vectors p3 and p4, and therefore reduces to five the 
number of independent variables characterizing the final 
state of the reaction. These variables may be chosen, 
for example, to be the polar angles #3, $3, #4, and $4 
characterizing the directions of the two vectors p3 and 
P4, and the kinetic energy T3.

4 Since in the labora
tory system the reaction possesses axial symmetry 
around the direction of pi, the reaction cross section 
depends only on the difference between the azimuthal 
angles #3 and <£4. At a given incident particle energy the 
cross section can therefore be expressed as a function of 
only four independent variables. 

In the present experiment, complete kinematic deter
mination of the final state and of the Q value of the 
reaction is achieved by using two energy-sensitive 
detectors in coincidence at specified angles with respect 
to the incident beam and the target. By this technique 
the variables Tz, T4, 03, 04, and (<£3—$4) are determined 
for each event. A complete investigation of the reaction, 
i.e., a scanning of all three relevant angles 03, 04, and 
(03—04) would require a prohibitive amount of time. 
Therefore the two detectors were restricted to a common 
plane with the incident beam line, fixing (#3—#4). 
Furthermore, the data presented in this paper were 
taken with one detector fixed at an angle of 25° with 
respect to the incident beam direction. 

The relationship between Tz and T* as given by 
Eq. (5) is illustrated in Fig. 1 for the reaction 
016(a,2a)C12

g.s. at 40-MeV incident alpha-particle 
energy. Here particles 3 and 4 are the two emitted alpha 
particles, seen by two detectors on opposite sides of the 
beam at 25°. 

The convention adopted here and in the following is 
to consider the angle of the fixed detector to be +25° 
with respect to the beam direction. The angle of the 
moving detector with respect to the beam direction is 
considered positive if the moving detector is on the same 
side of the beam as the fixed detector and negative if it 
is on the opposite side. Figure 1 is drawn with the origin 
of the coordinate system in the upper right corner in 
order to conform with analyzer memory displays pre
sented later. All alpha-alpha coincidences leading to the 
formation of C12

g.s. must lie within the band in the 
figure. The finite width of the band is due to the angular 
spread of ±2.5° in each detector. A reaction with a 
lower Q value, e.g. 016(a,2a)C12 (first excited state) 
would appear on Fig. 1 as another band nearer the origin 
of the coordinate system. The reaction 016(a,2o:)C12g.s. 
has the highest Q value of all reactions producing three 
or more outgoing particles which are possible with the 
given target and incident particle. Therefore in a 

4 This selection of variables in general allows two values of T4. 
However, this double value problem does not occur in the energy 
region of interest in this experiment. 

< -T4 (MeV) 

30 20 10 0 

FIG. 1. A calculation of the allowed energies of alpha-alpha 
coincidences for the reaction O16+40-MeV a—* C12

g.s.+2a!, with 
the indicated detector angles and angular apertures. 

coincidence measurement where both energies Tz and T\ 
are registered, the reaction 016(a,2a)C12

g.s. is easily 
separated from other reactions. At some detector angles 
however, bands corresponding to alpha-C12 coincidences 
partially overlap the band representing the alpha-alpha 
coincidences. In such cases the C12 recoils were prevented 
from reaching the detectors by thin Al foils which 
stopped them without appreciably affecting the alpha 
particles of interest. Often the use of a target of sufficient 
thickness to emphasize the alpha-alpha band relative to 
the smeared-out alpha-C12 bands was found to be 
adequate. The separation of the alpha-alpha band from 
possible reactions producing only two outgoing particles 
is no serious problem, since such reactions are repre
sented on Tz versus T± diagrams of the type of Fig. (1) 
by spots which appear only at special angles. These 
angles can either be avoided or the recoil nuclei can be 
suppressed by suitable foils. 

A strong final state interaction between two of the 
outgoing particles at a certain relative energy or its 
equivalent, the existence of a quasistationary inter
mediate system, manifests itself by the preferential 
population of some sections of the bands in the Tz versus 
T4 diagrams. If the intermediate system is formed by 
particles 4 and 5 (in our case an alpha particle and the 
C12 forming an O16 decaying state), the energy of 
particle 3 (the other alpha particle) is determined by 
the Q value of the reaction forming the intermediate 
system and by the angular position of detector 3.5 In 

5 The labeling of the two alpha particles does not violate the 
principle of indistinguishability of identical particles. Particle 3 is 
simply the alpha particle registered by detector 3 and particle 4 
the one registered by detector 4. The indistinguishability principle 
does prevent, for instance, the identification of either one of them 
with the incident alpha particle. 
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0*+ 40 MeV a 

FIG. 2. An illustration of the ambi
guity arising from the unknown time 
sequence of the two alpha particles 
corresponding to a particular spot on 
the alpha-alpha coincidence band at 
coordinates T3 and TV 

this case the reaction proceeds in two steps, the first of 
which is a reaction with two outgoing particles. Particle 
3 takes part only in this step. The relevant equations are 

Pl+P2=P3+P45, (6) 

(Pl+P2-P 3 ) 2 

T1+Ti+Qint=Tz+Tu=Tz+ . (7) 
2(wi+w2—m z) 

Here P45 is the momentum and T45 the kinetic energy of 
the intermediate system. Qint is the Q value of the first 
step of the reaction and is necessarily smaller than the 
Q value of the whole reaction denned in Eq. (4). 

On the other hand, if particles 3 and 5 form a quasi-
stationary intermediate system, the energy of particle 4 
is determined by Qint and 04. The existence of a decaying 
state of O16 should therefore manifest itself by two spots 
with a large density of events on the alpha-alpha band. 
One spot corresponds to the case where the alpha 
particle emerging from the first step of the reaction is 
registered by detector 3 and the alpha particle from the 
decay of the intermediate system by detector 4. The 
other spot then arises from the opposite case. In the 
foregoing discussion, we have considered only the case 
in which the double-value problem mentioned in foot
note 4 and the analogous problem for Eq. (7) do not 
occur. In this reaction there may, in general, be as many 
as eight spots on the alpha-alpha band from a single 

energy level in O16, but only two occur in the energy 
region of interest here. 

Conversely, the observation of a spot in the alpha-
alpha band at any given pair of angles of the two de
tectors leaves an ambiguity (illustrated in Fig. 2) with 
respect to the value of Qint since we do not know which 
of the two alpha particles emerged in the first step. The 
two possible assumptions about the sequence of the two 
alpha particles yield two possible values of ftnt. This 
ambiguity could in principle be resolved by time-
delayed coincidence measurements. A more practical 
way of deciding the issue is to exploit the center-of-mass 
motion and observe the movement of the spots on the 
alpha-alpha band as the counter angles were varied. If 
one detector, e.g., detector 3, is left at a fixed angle and 
the angle of detector 4 is changed, those spots which 
correspond to alpha particles from the first step («') 
entering detector 3 will retain their Tz coordinate. On 
the other hand, the spots which correspond to alpha 
particles from the first step entering detector 4 will in 
general change both their Tz and T4 coordinates due to 
the center-of-mass motion. Figure 3 illustrates this for 
detector 3 at 03= + 2 5 ° while detector 4 is moved from 
04= - 1 8 0 ° to 04= +180°. The coordinate Tz of the spot 
representing a decaying O16 state is plotted as a function 
of 04. The different bands correspond to different 
(hypothetical) decaying states of O16 with the indicated 
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values of Qint. The width of the bands is again due to 
the ±2.5° angular apertures of the detectors. The 
hypothetical states of O16 are assumed to be infinitely 
narrow. There are two families of bands (plotted 
separately for the sake of clarity), the straight bands 
representing the alpha particle from the first step (a') 
entering detector 3 and the curved bands representing 
the alpha particle from the decay of the intermediate 
system {a") entering detector 3. 

Apart from the fundamental requirement of narrow 
decaying states, the usefulness of an experimentally 
obtained plot of the type of Fig. 3 in deciding the time 
order of the outgoing particles has its practical limita
tions, owing to the finite precision of the measurements. 
It is most applicable in cases where the strongly 
populated particle decaying states are well separated in 
energy or when the lower-lying states are much more 
strongly populated than higher-lying ones. This latter 
manifests itself by the preponderance of straight bands 
at large values of Tz, while curved bands dominate at 
low values of JP3. 

Let us now consider an intermediate system consisting 
of the two alpha particles (particles 3 and 4). This 
system corresponds to an alpha-decaying state of Be8, 

0 +40MeVa-0 ,0+a -C,z
a«+a*+a" 

03 = + 25° QINTOF(f*INMeV=CONST 

180 

120 

60 

Ld 
Q 

- 60 

-120 

-180 

-30 -25 -20 -15 -10 15 -20-25 

10 20 30 0 
T, IN MeV 

10 20 30 

FIG. 3. Calculated energies T3 of the alpha-particle registered in 
the detector at +25° in coincidence with the other alpha particle 
detected at different angles 04 for various assumed values of Qint 
(indicated in MeV). The two parts of the figure correspond to the 
two possible assumptions about the time sequence of the alpha 
particles. The dashed lines on the curve for Qint =—30 indicate 
that although some laboratory angles are forbidden, the curve is 
closed in the a+O 1 6 cm. system and includes all cm. angles. 

0,6+40MeV a -C 'J S +Be8*-C'|.8 + 2 a 016 + 40 MeV a — Cl2
g.s.+ 2a 

03= +25°; TINT0F a +a IN MeV=C0NST 03 = +25° ; C'f.sKINETIC ENERGY 
IN MeV = CONST. 

FIG. 4. Left side: A Tz versus 04 diagram of the type to be 
expected if the reaction proceeds via alpha-decaying states of Be8, 
calculated for the indicated values of Tint in MeV. Right side: 
A r 3 versus 04 diagram of the type to be expected if definite recoil 
energies Ts (indicated in MeV units) are of importance in the 
reaction mechanism. 

and is kinematically described by the equations 

p34=p3+p4 , 

(P3+P4)2 

Tu+Th 
20 3 +m 4 ) 

+ ^int— 7^3+^4, 

or 

^ i n t — " 
m%m^ / P 3 P4^ 

\mo mi. 2(w 3+w 4)w 3 mj 

(8) 

(9) 

(10) 

Here p34 is the momentum and Tu the kinetic energy of 
the intermediate system. r i n t is the decay energy of the 
Be8 intermediate system. On a diagram of the type of 
Fig. 3 the decay of states of Be8 yields bands which are 
generally very broad due to the detector angular aper
ture, even for the case of infinitely narrow states of Be8. 
These bands tend to run parallel to the T3 axis of a JT3 
versus 04 diagram, as shown in Fig. 4. This means that 
more or less the whole alpha-alpha band on a JT3 versus 
T4 diagram is intensified at certain angles of the de
tectors. From this it is obvious that the measurement 
of the momenta of the two outgoing alpha particles is 
not the most suitable method for the extraction of 
information concerning decaying states of Be8. T^q 
momenta of one alpha particle and of the C12 recoil 
nucleus should be measured instead, if one wishes to 
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FIG. 5. A block diagram of the 
experimental apparatus. 

emphasize those features of the reaction which depend 
on strong alpha-alpha final state interactions. 

The second half of Fig. 4 presents T3 versus 04 bands 
corresponding to a constant energy TB of the recoiling 
C12 nucleus. Their width is, again, due to the angular 
aperture of the detectors. This figure will be of interest 
in the comparison of the experimental data with the 
predictions of a direct knockout model. 

Once the existence of a quasistationary intermediate 
system is demonstrated and the particles emitted in each 
step of the reaction are identified, it is of advantage to 
transform the relevant experimental data into the 
inertial system in which the intermediate nucleus is at 
rest. In such a coordinate system the symmetry theorem 
announced in the introduction is valid. The relevant 
formulas for the transformation of angles, energies, and 
products of solid angle and energy differentials are listed 
in Appendix II. 

III. APPARATUS 

A beam of 40-MeV He++ ions was obtained from the 
Brookhaven National Laboratory 60-in. cyclotron. This 

-T4 

FIG. 6. A cathode-ray-tube display of raw data stored in the 
two-dimensional analyzer from the reaction Ou(a)2a)Cli at de
tector angles 03 = +25°, 04= — 25°. See text for complete explana
tion of figure. 

beam was analyzed by magnetic deflection through 45°. 
The horizontal focusing properties of the magnet were 
such that in the symmetric arrangement both the object 
and image plane were at about 1.7 m from the center 
of the magnet. The beam was geometrically defined by 
a 1-mm-wide entrance slit in the object plane and 1-mm 
circular aperture in the image plane. The strong angular 
dependence of the observed reaction necessitated a good 
definition of the angle of incidence on the target of the 
analyzed beam. This angle was frequently checked and 
also defined by a |-in. slit at the entrance of the beam 
into the magnetic field. The magnetic field was moni
tored by a nuclear magnetic-resonance fluxmeter which 
was calibrated against a BC-221 frequency meter. It is 
estimated that the energy spread and the energy re
producibility of the analyzed beam were about 100 keV. 
No attempts were made to determine the absolute value 
of the beam energy by magnetic-field measurements. 
However, the pulses produced in semiconductor detec
tors by alpha particles elastically and inelastically 
scattered from several targets and also by alpha particles 
from radioactive sources were compared to a linear 
pulser. They were consistent with an incident beam 
energy of 40.6±0.4 MeV. The large uncertainty in the 
absolute value of the energy is mainly due to the fact 
that only the rather small differences between the 
measured energies of the scattered particles are known 
absolutely, and the highest calibration energy from the 
radioactive source was only 5.48 MeV. 

A block diagram of the experimental setup with the 
associated electronics is shown in Fig. 5. The analyzed 
beam entered a scattering chamber of 16-in. diameter 
which housed the target and two semiconductor detec
tors mounted on movable arms coplanar with the beam. 
The target was a thin Si02 foil. The thickness of the 
various Si02 foils used during the course of these experi
ments ranged from 0.1 to 1 mg/cm2. The thickest of 
these contributed an effective maximum energy spread 
of about 200 keV to the incident beam. The effect on 
outgoing particles was more severe. An effort was made 
to minimize this effect by proper orientation of the 
target with respect to the direction of the outgoing 
particles; however, this procedure was usually useful 
only over a limited energy region. The thinner targets 
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were used whenever the low-energy alpha particles had 
to be well resolved. In general, however, uncertainties 
due to the target thickness were smaller than other 
experimental errors. 

The detectors used in the experiment were made of 
^-type silicon with a diffused n-type layer of about 0.1 JJ, 
thickness on the front surface. The depletion layers 
were thick enough to stop 40-MeV alpha particles when 
the detector was inclined 45° with respect to the direc
tion of incident particles. The detectors were made by 
us6 and were of various shapes. Their areas were usually 
around 1 cm2. They were positioned 1.5-6 cm from the 
target, providing angular apertures of about 3 to 12° in 
the horizontal direction and somewhat more in the 
vertical direction. The uncertainty in the positioning 
of the detectors, the wrinkles in the target, and the 
eccentricity of the beam caused an error in the absolute 
reading of the angles which was estimated to be at most 
2°. The relative angle readings over a limited interval 
were considerably more accurate. The errors in solid 
angles, which had the same origin, were of the order of 
a few percent. Pulses from the detectors were amplified 
in conventional charge-integrating preamplifiers and 
double-delay-line clipped Cosmic-901 amplifiers. When
ever a coincidence event occurred this was recognized 
by a Cosmic-801 coincidence system, which gated a 64 
by 64 (i.e., 4096) channel two-dimensional analyzer.7 

In this analyzer each of the two coincident pulses was 
digitized by analog to digital converters into 64 energy 
intervals. Then the event was stored in the appropriate 
location in the analyzer memory. The memory capacity 
is such that up to 216 events can be stored in each of the 
4096 channels of the 64-channelX64-channel array. The 
two-dimensional energy field of the analyzer can be dis-

FIG. 7. A cathode-ray-tube display of raw data stored in the 
two-dimensional analyzer from the reaction 016(a,2a)C12 at de
tector angles 03 = -f 25°, 04= —25°. See text for complete explana
tion of figure. 

6 P. F. Donovan, Natl. Acad. Sci.—Natl. Res. Council, Nucl. 
Sci. Ser. Rept. No. NAS-NS 32, 268 (1961). 

7 R. L. Chase, IRE Natl. Conv. Record 9, 196 (1959). 

FIG. 8. A cathode-ray-tube display of raw data stored in the 
two-dimensional analyzer from the reaction Ou(a,2a)C12 at detec
tor angles 03 = +25°, 04=— 25°. See text for complete explana
tion of figure. 

played on a cathode-ray oscilloscope for visual inspec
tion and photographic recording and also can be printed 
or punched on paper tape for quantitative data analysis. 
In this way a distribution of events in a T3 versus 2% 
diagram of the type of Fig. 1 was obtained by a single 
measurement. 

After passing through the target, the beam was 
stopped in a Faraday cup and the current integrated 
electronically. The integrator was periodically checked 
and found to be accurate to about 2%. All angular 
correlation measurements were done with this integrator 
as a monitor. This procedure was found satisfactory 
since the accuracy was more severely limited by other 
uncertainties, as will be seen. 

IV. EXPERIMENTAL RESULTS 

A cathode-ray-tube display of the data stored in the 
analyzer memory at the end of a 2-h run at the detector 
angles 03=+25°, 0 4 =-25° is shown in Fig. 6. The 
density of events is represented by the intensification of 
the cathode-ray-tube picture at the position determined 
by the coordinates T$ on the vertical axis and Tt on the 
horizontal axis. The origin of this coordinate system is 
in the upper right corner. The T% coordinate increases 
from top to bottom and the TA coordinate from right to 
left. The picture is taken with high contrast, i.e., the 
luminosity of the spots changes from 0 to maximum over 
a rather limited range of counts per channel. This makes 
some important features of the data very prominent. 
One sees the two alpha-alpha bands arising from the 
reactions 016(a,2a)C12

g.s. and 016(a,2a:)C12 first excited 
state. They are strongly intensity modulated, indicating 
the importance of intermediate decaying states of O16. 
The broad bands nearer the origin are due to alpha-C12 

coincidences. A more quantitative display is also avail
able with the analyzer. It consists of a T4 spectrum 
traced out for each single Tz channel, with all 64 such 



B68 DONOVAN, KANE, ZUPANClC, BAKER, AND MOLLENAUER 

300 

T4 CHANNEL NUMBER 

FIG. 9. A plot for several Ts channels of the T4 energy spectrum. 
These are raw data. 

spectra displayed simultaneously while displaced from 
each other vertically a small amount. The same data 
shown in Fig. 6 are displayed in this way in Fig. 7. The 
origin of the coordinate system is again in the upper 
right corner. The coordinates T3 and T4 run as before, 
while the number of counts at each Th T± position is 
plotted vertically in units of 23 (210 full scale). The 
vertical modulation bands, which are 4 channels wide, 
are introduced to facilitate the identification of the T4 

channel numbers. The data displayed in Figs. 6 and 7 
were taken with a rather thin target and no foils in 
front of the detectors. The effect of a thicker target in 
de-emphasizing the alpha-C12 bands by stopping most of 
the C12 recoils is shown in Fig. 8, which represents data 
taken under otherwise identical conditions. 

Part of the data presented in Fig. 8 is plotted in more 
detail in Fig. 9. The T4 spectrum is plotted for each of 
five T3 channels. It is seen that while the alpha-alpha 
band from the 016(a,2o;)C12g.s. reaction is clearly 
separable from the rest of events, the density of events 
on the low-energy side of this band does not fall to zero. 
The origin of this phenomenon is not entirely under

stood. It is partly due to "tailing" in the counters, a 
phenomenon probably caused by edge effects and con
sisting of a low-energy tail following each peak in the 
spectrum. The ratio of peak height to tail height found 
in singles spectra was about 300. Since the tails were 
rather uniform this means that at a resolution of about 
1% up to 25% of the total yield was in the tail. In a 
coincidence spectrum plotted on a T% versus T4 diagram 
this effect is even more serious due to the addition of 
tails and double tailing. 

Another contribution to the intensity in the valley 
between the bands belonging to the reactions 016(a,2a)-
C12

g.s. and 016(a,2o;)C12 first excited state was due to 
alpha-alpha coincidence from the reaction Si28 (a,2a)-
Mg24

g.s.. Its Q value is —9.99 MeV, compared to —7.14 
and —11.56 MeV for the first two reactions, respec
tively. At a few angles, alpha-alpha coincidences from 
the bombardment of a Si target by 40-MeV alpha parti
cles were measured. The reaction Si28(a,2a:)Mg24 could 
be detected but its contribution to the total yield from 
a Si02 target in the interesting energy range was 
estimated to be less than 5%. 

After the raw data such as those presented in Fig. 9 
were printed out, a quantitative separation of the contri
bution of the reaction 016(a,2a)C12

g.s. was attempted in 
each case. Some "background" was subtracted from 
underneath the alpha-alpha band belonging to this 
reaction. The criteria for this subtraction were based on 
experience with many different spectra and were in this 
sense arbitrary. However, when the raw data were 
analyzed independently by different people, the results 
were the same within less than 10%, except possibly in 
regions of very small population of the alpha-alpha 
band. It is clear that in such a background subtraction 
procedure the contribution of the tail of the alpha-alpha 

400 h 

| 2 0 0 f -
< 

03=+25° n 
04=-25° 

VA UL V 

FIG. 10. T3 spectra of the ground-state alpha-alpha band taken at 
two pairs of angles. See text for discussion of the figure. 
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FIG. 11. A projection of Ts 
spectra of the type of Fig. 10 taken 
at various angles 04. The energies 
Tz have been corrected for target 
thickness. 

band also is subtracted out. This, however, should affect 
only the absolute value of the measured cross-section 
and not its angular dependence. 

After the contribution of the 016(a,2a)C12
g.s. reaction 

had been isolated and the background subtracted, the 
numbers of events in the relevant T± channels for a 
given Ts channel were added together. In each case a 
population histogram of the alpha-alpha band of the 
reaction 016(a,2o;)C12g.s. was thus obtained as a function 
of TV It may be regarded as the projection of this band 
on the r 3 axis. Such an histogram is presented in Fig. 10 
for the nominal detector angles 03=+25°, 04= — 25° 
and for 03= +25°, 04= —23°. As may be seen from Fig. 
1, at these angles the allowed band on a T3 versus T* 
diagram is well approximated at most energies by a 
straight line intercepting both T axes at an angle of 
45°. In such a case, if 03 and 04 are symmetric, a projec
tion of the type of Fig. 10 should clearly possess reflec
tion symmetry about the point Tz= JT4, in this case for 
r 3 of about 16 MeV. The lack of this symmetry in Fig. 
10 for the nominal angles 03= +25° and 04= —25°, and 
the approximate symmetry seen at 03= +25°, 04= — 23° 
illustrates the error in the absolute angle reading. This 
error was reproducible during an entire angular correla
tion measurement and therefore was not too serious. 
Figure 10 also illustrates the great sensitivity of the 

cross sections to angle, which is all the more striking 
since the detectors had an angular width of about 4° 
each. Because of this angular sensitivity the uncertain
ties in angle are probably the largest single source of 
error in the experiment, in spite of all the precautions 
discussed above. Reproducibility checks indicated that 
the over-all absolute intensity accuracy of the experi
ment is about 30%, the gross features of the data being 
better reproducible than small details. The latter ap
parently depend on parameters such as the shape of the 
detectors which were not under sufficient control in the 
present experiment. 

Histograms analogous to the ones presented in Fig. 10 
were obtained for many angles 04, ranging from —10 to 
-145°, with 03 held constant at +25°. They were all 
corrected for target thickness and normalized to the 
differential cross section dz<r/dTzdtizd£l4. They are pre
sented in a projection in Fig. 11. The coordinates in this 
figure are Tz, 04, and the absolute differential cross 
section. The dependence of the energies of various peaks 
Tz on the angle 04 should be compared to the kinematic 
diagrams of Fig. 3 and 4. The following features of these 
data may be noticed: 

1. As evidenced by the prominent narrow peaks in 
Fig. 11, which often persist through a wide range of the 
angle 04, decaying states of O16 strongly influence the 
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FIG. 12. The 0* dependence of the intensity of that section of the 
ground-state alpha-alpha band which corresponds to the Tz energy-
interval from 18 to 28 MeV. 

reaction. Decaying states of Be8 alone could never 
cause such violent modulations of the alpha-alpha bands 
for reasons discussed in Sec. I I I . 8 Some additional 
data were taken with smaller detector angular apertures, 
demonstrating that some peaks in the spectra are as 
narrow as 200 keV, equal to the experimental resolution. 

2. From Fig. 11 it is apparent that the positions of 
peaks at high Tz values tend to be independent of 04. On 
the other hand, at low T3 values they vary in a sys
tematic way, in agreement with the behavior of the 
family of curved bands in Fig. 3. This indicates that 
low-lying decaying states of O16 are preferentially 
excited. A detailed study of the spectrum taken at 
detector angles +25° , —25° revealed that within the 
limited accuracy of energy and width determination of 
the present experiment, all the well-known low-lying 
natural-parity alpha-decaying states of O16 with spins 1 
and 2 have their counterparts in this spectrum. The 
spin-zero state at 11.25 MeV is known to be too broad to 
be easily discernible. Conversely, the known 1~ and 2+ 

states suffice to explain all definitely established peaks 
in the region of the +25° , —25° spectrum corresponding 
to values Qint up to about 16 MeV. Above that, the 
information on O16 states from other experiments is not 
sufficiently definite to make a comparison possible. 

Insofar as the high T3 part of Fig. 11 can be con
sidered to be dominated by events in which the alpha 
particle from the decay of the intermediate O16 state is 
registered by detector 4, it represents an angular correla
tion between the alpha particle 3 involved in the first 
step, i.e., the excitation of O16, and the alpha particle 4 
emitted in the decay of the excited O16. The lower JH3 

part of Fig. 11 is dominated by events with the opposite 
time sequence and represents a complicated folding of 
the angular distribution of the first alpha particle (4) 

8 In an experiment designed to detect coincidences between 
C12g.s. recoil nuclei and both alpha particles from the decay of 
Be8g.s., no such events were observed. The sensitivity of the 
measurement was sufficient to show that this reaction has a cross 
section very much smaller than that involving alpha-decaying 
states of O16. 

and its angular correlation with the subsequent alpha 
particle (3). 

3. Even on the average, the population density of the 
Tz versus 04 plane is far from uniform. The events tend 
rather to concentrate into "giant peaks": at Tz of about 
7 MeV around 04= - 1 0 ° , at Tz of about 16 MeV around 
04= - 2 5 ° , and at Td of about 24 MeV around 04= - 5 0 ° . 
Such giant peaks are not expected in the correlation 
pattern if the reaction mechanism is a pure two-step 
process. I t can easily be seen from Fig. 4 that the giant 
peaks occur in the Tz versus 04 graph in the region of 
small C12 recoil momentum. Additional measurements 
were performed in order to explore further this un
expected gross behavior of the angular correlation 
pattern. For this purpose a section of the ground-state 
alpha-alpha band corresponding to an energy interval 
in Tz from 18 to 28 MeV was selected and the depend
ence on 04 of the differential cross section integrated 
over this energy interval was measured over a full circle 
of the angle 04. In the course of this measurement the 
distance of the moving detector 4 to the target was 
varied in such a way that the center-of-mass motion was 
compensated and the solid angle subtended by detector 
4, as seen from the excited O16 nucleus, was always the 
same. I t is possible to achieve this exactly only for a 
particular energy T"3, which was taken to be 23 MeV. 
The proper distance of detector 4 at each angle 04 can 
then be easily obtained from formulas given in Ap
pendix II . This procedure yielded directly the relative 
differential cross section in the rest system of the moving 
intermediate O16 nucleus integrated over the chosen 
energy interval and the solid angles of the detectors. 
Because the angular correlation pattern is strongly 
intensity modulated, the yields are not directly pro
portional to the detector solid angles when these are as 
large as was the case in this series of measurements. 
Therefore, the procedure described above was found 
necessary in order to compare in a meaningful way the 
experimental results with the theoretical predictions 
mentioned in the Introduction. 

Results obtained this way are presented in Fig. 12 as 
a function of the angle 0* of the alpha particle emitted in 
the decay of the excited O16 nucleus. This angle is 
measured in the rest system of the excited O16 nucleus. 
0*=O has been chosen as the direction of the decay 
alpha particle when it coincides with the direction of the 
recoiling intermediate O16 nucleus in the laboratory 
system. If in the decay of the excited O16 nucleus the 
decay alpha particle is emitted in this direction, this 
alpha particle necessarily has the highest possible labora
tory kinetic energy and therefore the laboratory kinetic 
energy of the associated recoiling C12 nucleus is the 
smallest. The error bars in Fig. 12 represent the esti
mated uncertainty at each point rather than statistical 
errors, which were in general smaller. The curve drawn 
through the experimental points is an estimate of the 
average behavior of the data. 

There are several interesting features of this average 
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angular correlation. First, there is a strong and narrow 
peak in the laboratory direction of the excited O16 

nucleus, i.e., the direction of highest laboratory momen
tum of the second alpha particle and smallest laboratory 
C12 recoil momentum. The symmetry prediction stated 
in the Introduction is nearly fulfilled in the sense that 
there is a peak in the back direction as well. However, 
the symmetry is clearly not perfect. The two peaks are 
not 180° apart and we believe that the deviation is 
outside experimental error. Also, the peak in the back 
direction is considerably broader than the peak in the 
forward direction. Another difference appears when one 
plots the energy spectra at the respective intensity 
maxima of the two peaks. These are shown in Fig. 13. 
Clearly the energy spectrum at the back maximum of 
the angular correlation pattern is better resolved into 
individual narrow levels than the energy spectrum at the 
forward maximum. All these features of the average 
correlation pattern are systematic in the sense that if 
one divides the energy interval in 7*3 into two sections 
from 18-23 MeV and 23-28 MeV, these features persist 
in each half section. 

One may also assume for the other two giant peaks 
noticed in Fig. 11 that the time sequence of the two 
alpha particles is such that the higher-energy alpha 
particle is emitted first. With this assumption one can 
calculate the approximate direction where a possible 
backward peak should appear. The respective backward 
peaks were indeed found but were not explored in any 
detail. 

V. DISCUSSION AND CONCLUSIONS 

The salient characteristics of the experimental results 
just presented are the importance of the decaying 
states of O16, and the dominant role of the laboratory 
momentum of the intermediate O16 system in determin
ing the directions of gross maxima in angular correlation 
patterns. The latter phenomenon is theoretically most 
simply predicted if one describes the first step of the 
reaction, namely the inelastic scattering of the incident 
alpha particle as a direct process, treating it in plane-
wave Born approximation. Assuming that the O16 

nucleus consists of a C12
g.s. core and an alpha particle 

and that the interaction is a simple potential between 
the incident alpha particle and the alpha particle in the 
O16 nucleus, one can easily calculate the matrix elements 
for the process. Their angle-dependent parts are of the 
form: 

jeiA cose* Yim (#*,<£*) SU10 W < f y * . 

Here A is a constant, 0* and <£* are polar angles of the 
vector connecting the alpha particle and the C12

g.s. core 
in the O16 nucleus, evaluated in a system with the z axis 
in the recoil direction. Yim(d*,<j>*) is the angular part of 
the internal wave function of the excited O16 nucleus. 
ClearlyWly the matrix elements with m= 0 are different 
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FIG. 13. T* spectra at the forward and backward intensity maxima 
of the angular-correlation pattern of Fig. 12. 

from zero, i.e., only substates of O16 with m=0 are 
populated. The simplest assumption concerning the 
second step of the reaction would be that the states of 
O16 decay uninfluenced by the inelastically scattered 
alpha particle and without systematic phase correla
tions. Under these assumptions the average correlation 
between the inelastically scattered alpha particle and 
the alpha particle from the decay of the excited O16 

nucleus should be of the form Y, i giPi2 (cosd*) if the 
angle 6* is measured in the rest system of the O16 excited 
nucleus with respect to the direction of the laboratory 
momentum of this nucleus. Here the Pi are Legendre 
polynomials, while the gi are weighting factors for 
different angular momenta of the decaying O16 states, 
and are determined by the level distribution of O16 in 
the averaging interval. Assuming sufficiently large 
I values one could thus explain the narrow angular 
maximum in the direction of the laboratory momentum 
of the excited O16 nucleus. However, since low I values 
have been experimentally demonstrated to be of primary 
importance, one could not fit the large peak to valley 
ratio in the experimental angular correlation as shown 
in Fig. 12. Most important, no deviations from perfect 
symmetry could be expected. 

One might try to save this simplest theoretical 
description by pointing out that the procedure used in 
this experiment for the separation of events with the 
correct time sequence of excitation and decay is not 
very precise. While this objection cannot be decidedly 
refuted on the basis of the present experiment alone, it 
is hardly probable that a cleaner separation procedure 
would restore complete symmetry. The known proper
ties of the level structure of O16 in the energy region of 
interest and our general knowledge of the widths of 
alpha decaying states in light nuclei make a pure two-
step description of the reaction 016(a,2a)C12

g.s. at 40-
MeV incident energy quite implausible. One should 



B72 D O N O V A N , K A N E , Z U P A N C l C , B A K E R , A N D M O L L E N A U E R 

-2,0 d%. 

,Q -dWdTT.',RECATIVE"SCALE 

FIG. 14. A projection of the type 
of Fig. 11 of theoretical T3 spectra 
at various angles 04. 
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rather expect the decay to follow the excitation in such 
short time intervals that final state interactions between 
any two of the outgoing particles should be important, 
and that the phases of intermediate states should be 
correlated. From this point of view it is actually sur
prising that the correlation pattern is as nearly sym
metric as observed. 

A detailed theory which would take all these three-
body aspects of the reaction into account does not exist. 
If one wished to construct such a theory one would 
probably, as in many similar situations, try to start from 
solvable models and gradually introduce more compli
cated corrections. One possible starting point is the two-
step model which was discussed above. The diametri
cally opposite simple picture is a knock-out process in 
the plane-wave Born approximation for both the 
incident particle and all outgoing particles. Here the 
incident and emitted alpha particles and the C12 nucleus 
are again considered to be elementary particles. All 
interactions between them are treated as first-order 
perturbations except the initial interaction in O16, which 
is considered to be a bound system of one alpha particle 
and the C12

g.s. nucleus. In such a description obviously 
no intermediate systems or strong final state interactions 
are taken into account. On the other hand, since all three 

outgoing particles are treated on equal footing, such a 
treatment could provide a convenient starting point for 
a symmetric inclusion of final state interactions. 

A calculation of this type for the reaction 01&(a72a)-
C12

g.s. is outlined in Appendix I I I . For the perturbing 
potentials simple central two-body surface interactions 
between any pair of outgoing particles are introduced. 
The requirements of the indistinguishability principle 
with respect to the alpha particles outside the C12

g.s. 
nucleus are properly taken into account. The resulting 
expression for the differential cross section was evalu
ated on a computer using nuclear radii given by 
r=nAllz and the simplest perturbing potential, namely 
a pure alpha-alpha interaction. The result, with TQ= 1.58 
fermis, is plotted in Fig. 14 in the same way as in Fig. 11 
for direct comparison. While no fine structure can be 
expected in the computational result, one can, sur
prisingly enough, notice the appearance of the right 
number of "giant peaks" in approximately the right 
places. The sharp intensity modulation of the "giant 
peaks" in Fig. 11 illustrates in a striking fashion the 
importance of the interference between two-step and 
direct processes in the reaction. The resemblance be
tween the gross features of the general intensity dis
tribution of Fig. 11 and the prediction of the direct 
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knock-out theory as shown in Fig. 14 would be most 
clearly seen in an experiment done with poor energy 
resolution. Such an experiment has been simulated by 
summing the data of Fig. 11 in energy bins about 2.5 
MeV wide. The result is shown in Fig. 15. The facts that 
only the simplest possible model has been evaluated and 
no parameters except ro have been adjusted make the 
resemblance of the theory to the experimental results 
quite remarkable. 

Such a simple calculation cannot be expected to yield 
backward peaks. The situation is quite analogous to 
reactions with two outgoing particles, like stripping, 
where one is satisfied to fit the peak in the forward 
direction by a simple plane-wave theory, while any 
backward peaks are explained as distortion effects. Once 
distortion effects were introduced in the present context 
one would be well under way toward a more realistic 
three-body treatment of the reaction. At present there 
seems to be no simple criterion for deciding which 
simplifications should be introduced into such a treat
ment, apart from the completely arbitrary criterion of 
mathematical feasibility. More experience gained with 
reactions'similar to 016(a,2a)C12

g.s. may bestow upon us 
sufncient'physical intuition to point a way through the 
forest of mathematical difficulties. 

Even the present scanty results indicate that studies 
of reactions with three outgoing particles might be used 
for the accumulation of spectroscopic data on two-body 
intermediate systems in spite of the inextricable knock
out features of such reactions. There should exist regions 
of energy and angle where the knock-out aspects are of 
little importance. For instance, one might expect that 
the knock-out mechanism should favor coplanar events. 
Experimental configurations with the two detectors not 
coplanar with the beam might thus be better analyzable 
in terms of pure two-step mechanisms than the results 
presented in this paper. Some confirmation of this 
expectation has been obtained recently.9 A kinemati-
cally more complete investigation of a reaction with 
three outgoing particles is needed to determine the 
general correctness of this conjecture. Recent progress 
in experimental technique, especially in data-handling 
procedures, may now have made such investigations 
feasible. 
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APPENDIX I 

In the following, the derivation of the selection rule 
of A. Bohr3 is recapitulated and applied in the present 
context. The argument is simplified by the fact that 
all ingoing and outgoing particles in the reaction 
016(a,2a:)C12g.g. have zero spin. The first step of the 
reaction, i.e., the incidence of an alpha particle onto a 
target consisting of O16 nuclei in their ground states and 
the subsequent observation of an inelastically scattered 
alpha particle with a definite momentum, can be con
sidered as the preparation of a certain excited state of 
O16. Only the natural parity states of O16 are of interest, 
since only these can decay into an alpha particle and 
C12g.s.. The preparation process obviously possesses a 
plane of reflection symmetry, namely, the scattering 
plane defined by the incident beam and the direction of 
the inelastically scattered alpha particle. The state of 
O16 prepared in this way cannot thus be affected by such 
a reflection, i.e., it must be an eigenstate of the operator 
R which effects the reflection. This operator is the prod
uct of the usual parity operator I I and the operator for 
rotation by 180° around the normal to the scattering 
plane ei7rJz, Jz being the component of the total angular 
momentum along the normal: R=UeiTjg. Since R2=l, 
the only possible eigenvalues of the operator R are + 1 
and — 1 . 

In the rest system of the excited O16 nucleus the 
relevant wave function is the internal wave function of 
this nucleus. Quantizing in this system the excited state 
of O16 along the normal to the scattering plane, the 
angular part of its internal wave function is of the form 
Y,M # M F L M (#,<£>). The YLM($,<P) are spherical har
monics of the polar angles d and <p, while the aM are 
constant coefficients determined by the details of the 
excitation process with the following restriction: Since 
the parity and angular momentum are conserved in a 
nuclear reaction, and R= Uei7rJz, the R eigenvalue of the 
excited state of O16 must be the same as that of the 
initial ground state of O16, + 1 . We have RYLM 
= (— 1)L+MYLM> Thus, only even terms enter into the 
wave function YLM (IMYLM(^,(P) if the parity of the 
excited state is even, and only odd terms if the parity 
is odd. The angular pattern of the decay products of the 
excited O16 nucleus in its rest system is entirely deter
mined by the square of the absolute value of the 
angular wave function, and is therefore of the form 
| E M G M F L M ^ ) ! 2 . Writing YLM(ti,<p)=&LH(<p)eiM* 
where &LMW is a function of the angle d only, one sees 
that the angular pattern is in any case a function of the 
parameters d and 2 <p. Thus, it is periodic in <p with a 
period of 180° and the normal to the scattering plane is 

an axis of twofold rotational symmetry for the decay 
products. (The angle cp is the angle referred to as 0* in 
the main body of the text.) This symmetry is not 
affected if several states of the same parity overlap. In 
general the symmetry disappears, however, if states of 
opposite parity overlap at the energy of interest. 

APPENDIX II 

In the transition from an inertial system S to an 
inertial system Sf, which moves with respect to S with 
a velocity v, the velocity v* of particle i transforms into 
the velocity v / given by 

v / = v < - v . (1) 

The transformation of kinetic energies is obtained by 
observing that in any inertial system the kinetic energy 
is given by Ti=niiVi2/2, nti being the invariant mass of 
particle i. The angle Oi between the direction of particle 
i and the direction of the system velocity v is trans
formed in such a way that 

|v | 1 
cot0/ = cotdi . (2) 

|v»| sin0; 

This equation follows in a straightforward way from 
Eq. (1). In our case, all velocity vectors of interest lie in 
a plane. The angles Oi and 0/ may be considered to be 
defined by their magnitudes and signs, the magnitudes 
being restricted to the interval from 0 to 180°. The signs 
are obviously invariant under the transition to the 
system S'. Thus, Eq. (2) completely defines the trans
formation properties of Oi. 

The transformation properties of the product of solid 
angle and energy differentials dtitdtidTz are obtained by 
observing that the quantity 

pzpidQzdft^dTz 

1— ( V 4 ' V B A > 4 2 ) 

is the result of the integration of the manifestly Galilean 
invariant quantity 

5 3(Pl+P2-p3~p4-p5) 
X «(ZVf T2+Q- Tz- TA- T,)dpzdp,dp, 

with respect to p5 and T±, and is therefore itself a Gali
lean invariant. The only precaution to be taken is to 
avoid those combinations of variables for which the 
expression in the denominator is zero. This never occurs 
in the region of interest for the present experiment. 

The inertial system S' in which the intermediate 
nucleus formed by particles 4 and 5 is at rest is defined 
by ^45 / =0. Its velocity v with respect to the laboratory 
system S is given by y^p^/m^. 

Thus the product of solid angle and energy differ
entials in the moving (primed) frame is given by 

rl-(Y4-v6'/n'2)lp3p4 
dttzdQ/dTd' = \ dQzdttAdT*. 

L l_(v 4 .v 5 A 4
2 ) Api'pj 
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APPENDIX III 

In a simple plane-wave-Born-approximation treat
ment of the knock-out process with spinless incoming 
and outgoing particles, the initial and final states are 
described by wave functions 

ypi = exp (ipi • r«) exp (ip2 • R)$ (p), 

^ /=exp( ip 3 - r a ) exp(ip4-r6) exp(ip6-rc), 

with R = (m&r&+mcrc)/(w&+mc) and p=r&—rc. We put 
h=l. For the moment all three particles involved, 
labeled a, b, c, are considered different. One has P1+P2 
= p3+p4+p5 and the kinematics is as described else
where in this paper. In the initial state the particles b 
and c are considered bound in a relative 5 state. Their 
state of internal motion is described by the wave func
tion $(p), normalized so that /><i><l>*dp= 1. The per
turbing potential is assumed to be a sum of central 
two-body potentials 

F = F a & ( | r a - r 6 | ) + F a c ( | r a - r c | ) . 

The evaluation of matrix element (\f/f \V\\l/i) yields 

<lM V\fi)= ( 2 T T ) 3 5 3 ( P I + P 2 - P 3 - P 4 - P 5 ) 

X / expp(pi-p3)-r]Fafe(r)^r 

+ / exp(iq-p)$(p)d0 

+ / expp(p i—p 8 ) - r ]7 0 c( r )* 

C / exp(iQ« 9)^(^9 

with q=pi+[w& / (w6+^c)]p2—p3—p4 being the mo
mentum transferred in the reaction to particle c, and 
Q = p i + \jnj (w&+wc)]p2— p3~ P5 being the momentum 
transferred to particle b. If the particles a and b are 
identical bosons, the initial and final wave functions 
must be symmetrized with respect to them. As far as 

the matrix element is concerned this is equivalent to a 
symmetrization of the potentials and the symmetriza-
tion of the matrix element with respect to the momenta 
p3 and p4. One gets thus 

<lM V\fi)= ( 2 T T ) 3 5 3 ( P 1 + P 2 - P 3 - P 4 - P 5 ) M , 

with 

M= / { exp [ i (p i -p 3 ) - r ]+expp (p i -p 4 )T ]}Faa ( r ) ^ r 

7 exp(iq-p)$(p)^9 

7 + 
e x p p ( p i - p 3 ) - r ] F a c ( r ) J r 

X / exp(iQ^g)^(g)dg 

7 + / expp(p i -p 4 ) - r ]Fa C ( r ) J r 

X / exp(iQ3- g)^(g)dg. 

Here Vaa is the perturbing interaction between the two 
identical bosons and Vac the perturbing interaction 
between either of them and particle c. Q4 and Q3 are 
defined by Q4=Pi+[w c / (m a+w c)]p 2—p 3—P5 and Q3 

= Pi+Cwc/(w0+wc)]]p2—p4—p5. The cross section may 
be expressed in terms of this matrix element by 

da = -
ma 

(2x> 

ma' 

- f | i f | 2 5 3 ( P l + p 2 - p 3 - p 4 - p 5 ) 

Xd(T1+T2+Q-Tz-TA-Tb)dpzdpAdp5 

pzptdQzdtttdTz 
\M\n 

(2TT)5M 1 - ( V 4 - V 6 A 4 2 ) 

here ju= {(vi— v2)
2— (viXv2)2}1/2. If the denominator 

happens to be zero, it is simplest to integrate the 
theoretical cross section with respect to T% instead of T4. 
I t is easily seen that both procedures cannot yield a zero 
denominator simultaneously. 
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FIG. 6. A cathode-ray-tube display of raw data stored in the 
two-dimensional analyzer from the reaction 018(a,2a)C11 at de
tector angles 03 = +25°, 04= —25°. See text for complete explana
tion of figure. 



FIG. 7. A cathode-ray-tube display of raw data stored in the 
two-dimensional analyzer from the reaction 018(a,2a)C12 at de
tector angles 0j = +25°, 0« = — 25°. See text for complete explana
tion of figure. 
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FIG. 8. A cathode-ray-tube display of raw data stored in the 
two-dimensional analyzer from the reaction 016(a,2a)Cu at detec
tor angles 0j = +25°, 0<=— 25°. See text for complete explana
tion of figure. 


